A study of high-order solitons in three nonlocal nonlinear Schrödinger equations is presented, which includes the PT -symmetric, reverse-time, and reverse-space-time nonlocal nonlinear Schrödinger equations. General high-order solitons in three different equations are derived from the same Riemann-Hilbert solutions of the AKNS hierarchy, except for the difference in the corresponding symmetry relations on the "perturbed" scattering data. Dynamics of general high-order solitons in these equations is further analyzed. It is shown that the high-order fundamental-soliton is always moving on several different trajectories in nearly equal velocities, and they can be nonsingular or repeatedly collapsing, depending on the choices of the parameters. It is also shown that the high-order multi-solitons could have more complicated wave structures and behave very differently from highorder fundamental solitons. More interesting is the high-order hybrid-pattern solitons, which are derived from combination of different size of block matrix in the Riemann-Hilbert solutions and thus they can describe a nonlinear interaction between several types of solitons.
Introduction
As an significant subject in many branches of nonlinear science, the integrable nonlinear wave equations and soliton theory has been studied for many years [1, 2, 3, 4, 5] . Most of the integrable equations are local equations, i.e., the solutions evolution depends only on the local solution value with its local space and time derivatives. Recently, a number of nonlocal integrable equations were found and triggered renewed interest in integrable systems. The first such nonlocal equation was the PT -symmetric nonlinear Schrödinger (NLS) equation [6, 7] : iq t (x, t) = q xx (x, t) + 2q
2 (x, t)q * (−x, t),
where asterisk * represents complex conjugation. For this equation, the evolution of the solution at location x depends both on the local position x and the distant nonlocal position −x. This implies that the states of the solution at distant opposite locations are directly related, reminiscent of quantum entanglement in pairs of particles. This nonlocal integrable equation is distinctly different from local equations, which makes it mathematically interesting. In the view of potential applications, this equation was linked to an unconventional system of magnetics [8] . In addition, since equation (1) is parity-time (PT ) symmetric, it is related to the concept of PT -symmetry, which is a hot research area of contemporary physics [9] . Nonlocal equation (1) was actively investigated [6, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . Meanwhile, many other nonlocal nonlinear integrable equations were also introduced and studied with different space and/or time coupling [10, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] . Indeed, solution properties in several nonlocal equations had been analyzed by the inverse scattering transform method, Darboux transformation or the bilinear method. These new systems could reproduce solution patterns which had already been discovered in their local counterparts. Moreover, interesting behaviors such as blowing-up(i.e., collapsing) solutions [6, 16, 25] and the existence of novel richer structures were also revealed [17, 24, 29, 30, 31] . A connection between nonlocal and local equations was discovered in [25] , where it was shown that many nonlocal equations could be converted to local equations through transformations.
In this article, we study high-order solitons and their dynamics in the PT -symmetric NLS equation (1) as well as the reverse-time NLS equation [10] : iq t (x, t) = q xx (x, t) + 2q
2 (x, t)q(x, −t),
and the reverse-space-time NLS equation [10] :
iq t (x, t) = q xx (x, t) + 2q 2 (x, t)q(−x, −t).
Introducing the following coupled Schrödinger equations [1, 2, 5] :
ir t = −r xx + 2r 2 q.
Then, equations (1)- (3) can be respectively obtained from the coupled system (4)- (5) under nonlocal reductions r(x, t) = −q * (−x, t),
r(x, t) = −q(x, −t),
r(x, t) = −q(−x, −t).
As we know, the inverse scattering transform method indicates that it is the poles of reflection coefficient (or zeros of the Riemann-Hilbert problem) that give rise to the soliton solutions. In [19] , general N-solitons, which corresponds to N-simple poles in the spectral plane, are derived for nonlocal equations (1)-(3) using the inverse scattering and Riemann-Hilbert method. From this Riemann-Hilbert framework, new types of multi-solitons with novel eigenvalue configurations in the spectral plane are discovered. Therefore, as a more general case, soliton solutions correspond to multiple poles, that is, the high-order solitons can be taken into consideration for nonlocal NLS equations (1)- (3) .
This kind of soliton have wide applications, it can describe a weak bound state of solitons and may appear in the study of train propagation of solitons with nearly equal velocities and amplitudes but having a particular chirp [34] . High-order soliton for several local equations, such as the Sine-Gordon, nonlinear Schrödinger, Kadomtsev-Petviashvili I and Landau-Lifshitz equations, have been investigated in several literature before [34, 35, 36, 37, 41, 42] . To the best of our knowledge, high-order soliton for the nonlocal NLS equations (1)-(3) have never been reported.
In this article, we derive the general high-order solitons in the PT -symmetric, reverse-time, and reversespace-time nonlocal NLS equations (1)-(3). These high-order solitons are reduced from the same Riemann-Hilbert solutions of the AKNS hierarchy with different symmetry relations on the "perturbed" scattering data, which consist of the "perturbed" eigenvalues as well as the corresponding eigenfunctions. Dynamics of these solitons are also explored. We show that a generic feature for high-order solitons in all the three nonlocal equations is repeated collapsing, resemble those in the (first-order) N -solitons for the nonlocal NLS equations (1)-(3). We also show that the high-order fundamental-soliton describes several travelling waves moving on different trajectories with nearly equal velocities. While the high-order multi-solitons could have more complicated wave and trajectory structures which behave very differently from the high-order fundamental-soliton. For this pattern, the corresponding eigenvalue configuration always have equal numbers of zeros with equal order in the upper and lower complex planes. Moreover, we find the high-order hybrid-pattern solitons, which corresponds to novel eigenvalue configurations, i.e., combinations between zeros of unequal order in the upper and lower complex planes. These new patterns can describe the nonlinear interaction between several types of solitons, and exhibit distinctively dynamical patterns which have not been found before.
High-order solitons for general coupled Schrödinger equations
To derive high-order solitons in equations (1)-(3), we need to start with the Riemann-Hilbert solutions of high-order solitons for the coupled Schrödinger equations for given scattering data. Then, imposing appropriate symmetry relations on the scattering data, the high-order solitons for each nonlocal equations can be obtained.
The coupled system (4)-(5) admits the following Lax-pair [1, 2] :
where,
For localized functions q(x, t) and r(x, t), the inverse scattering transform and the modern Riemann-Hilbert method was developed in [2, 38, 39, 40] . Following this Riemann-Hilbert treatment, N-solitons in coupled Schrödinger system can be written as ratios of determinants [3, 5] :
where
. Y k and Y k represents the k-th row of matrix Y and Y , respectively. Here v k (x, t) andv k (x, t) are both column vectors given by
M is a N × N matrix defined as:
here ζ k ∈ C + (upper half complex plane),ζ k ∈ C − (lower half complex plane), v k0 ,v k0 are constant column vectors of length two. With this formula, the general high-order solitons can be directly obtained through a simple limiting process. For this purpose, setting N discrete spectral in the eigenfunction (13) to be:
Similarly, setting another N discrete spectral in the adjoint eigenfunction (14) to be:
Here, we should have Then we have the following expansions:
Therefore, applying these expansions to each matrix element in N-soliton formula (12) , performing simple determinant manipulations and taking the limits of j,kj ,¯ i,ki → 0 (k j = 1, ..., n j − 1, k i = 1, ...,n i − 1), we derive the general high-order solitons for coupled Schrödinger equations (4)- (5), which are summarized in the following theorem. Theorem 1. The general high-order solitons in the coupled Schrödinger equations (4)- (5) can be formulated as:
q(x, t) = 2i
Here, φ k stands the k-th row in matrix φ, so is forφ j . This general soliton formula (16) has been reported in [41] (Via using dressing method) as well as in [42] (By the generalized Darboux transformation). So the proof of this theorem can be given along the lines of [41, 42] .
Symmetry relations of "perturbed" scattering data in the nonlocal NLS equations
We first recall revelent results on symmetry relations of scattering data for the nonlocal NLS equations (1)- (3) presented in [19] . For this purpose, we denote:
Next, with initial condition on the potential matrix:
here q(x, 0), r(x, 0) are the initial value of functions q(x, t) and r(x, t) at t = 0.
Considering the eigenvalue problem
and its adjoint eigenvalue problem
Therefore, by using the symmetry of potential matrix Q 0 for each nonlocal reduction (6)- (8), along with the large-
, ref. [19] derives the connections between each subset of scattering data {ζ k , a k , b k } and {ζ k ,ā k ,b k } with rigorous proof. Here, these important results can be directly used for our purpose.
In the following, we intend to show that: through a simple modification to the original scattering data, new free parameters can be introduced. In that case, we modify the existing scattering data with a perturbation, i.e.,
where ζ k ( ) := ζ k + , and a k ( ) and b k ( ) can be further defined as:
Here, φ k , ϕ j are free complex parameters. For the PT -symmetric NLS equation (1), following the derivation of Theorem 1 in [19] and using the largex asymptotics of eigenfunctions, we can obtain the symmetry relations of "perturbed" scattering data (21)- (22), which are summarized as: For a pair of non-imaginary eigenvalues
After scaling the first element a( ) to 1, the "perturbed" eigenvectors v k0 ( ) andv k0 ( ) are related aŝ
Repeating above arguments on the adjoint eigenvalue problem, we have: for a pair of non-imaginary
, and the form of their eigenvectors can be similarly obtained aŝ
Especially, if ζ k ( ) is purely imaginary, from above definition of "perturbed" eigenvalues, we haveζ k ( ) = ζ k ( ). Because −ζ * k = ζ k , thus, we have * = − . In this case, their "perturbed" eigenvectors are also the same, which can be further scaled into the following form:
Similarly, whenζ k ( ) is also purely imaginary, its eigenvector is of the form:
Next, for the reverse-time NLS equation (2) . Following the derivation of Theorem 2 in [19] as well as the above analysis, we can also derive the symmetry relations of its "perturbed" scattering data, which is represented as: For a pair of discrete eigenvalues (ζ k ,ζ k ), where
Then we scale the "perturbed" eigenvectors v k0 ( ) andv k0 (¯ ) with their first elements become 1, and they are related as:
where b k is an arbitrary complex parameter. However, for the reverse-space-time NLS equation (3), according to the symmetry relations on the scattering data given by Theorem 3 in [19] , i.e., the eigenvalues ζ k can be anywhere in C + andζ k can be anywhere in C − . And the corresponding eigenvectors must be of the forms
We find that all the parameters in the "perturbed" scattering data can be eliminated in the "perturbed" eigenvectors. Thus, no more parameters can be introduced in (28) so that we have v k0 ( ) = v k0 ,v k0 (¯ ) =v k0 . Therefore, utilizing the above symmetry relations on the "perturbed" scattering data in the high-order RiemannHilbert solution (16), we will construct high-order solitons for nonlocal NLS equations (1)- (3) in the sections below.
Dynamics of high-order solitons in the PT -symmetric nonlocal NLS equation
To derive the N -th order solitons in the PT -symmetric NLS equation (1), we just need to apply corresponding symmetry relations of the scattering data to the general soliton formula (16). Then we investigate solution dynamics in the high-order fundamental (one)-soliton as well as the high-order multi-solitons.
High-order fundamental-soliton
Firstly, we consider the second-order fundamental-soliton, which corresponds to a single pair of purely imaginary eigenvalues (zero of multiplicity two) ζ 1 = iη 1 ∈ iR + , andζ 1 = iη 1 ∈ iR − , where η 1 > 0 andη 1 < 0, In this case, symmetry relations on the perturbed eigenfunctions are given by (25)- (26) , where θ 10 , θ 11 ,θ 10 ,θ 11 are real constants. Substituting these expressions into formula (16) with N = n 1 =n 1 = 2, we obtain the analytic expression for the second-order fundamental soliton of equation (1):
where F(x, t) = −(G + 2)(Ḡ + 2), with
This kind of soliton, which combines exponential functions with algebraic polynomials, has never been reported before in the nonlocal NLS equation (1) . It contains six real parameters: η 1 ,η 1 , θ 10 ,θ 10 , θ 11 andθ 11 . The motion trajectory for this solution can be approximatively described by the following two curves
In this case, two solitons moving along the center trajectories Σ + and Σ − . When |x| → ±∞, the amplitude |q| of the solution decays exponentially to zero. However, with the development of time, a simple asymptotic analysis with estimation on the leading-order terms shows that: when soliton (29) is moving on Σ + or Σ − , its amplitudes |q| can approximately vary as:
, the positive and negative sign in (33) respectively corresponds to Σ + and Σ − . (It should be noted that estimation (33) is valid only when |t| max{|θ 11 |, |θ 11 |}. Before this, the amplitudes |q| of solution are unequal when soliton moves on each curve, depending on the value of parameter θ 11 andθ 11 .)
In the case when η 1 = −η 1 , solution (29) will be nonsingular or collapsing at certain locations, depending on the values of these parameters. Specifically, (1) . If θ 11 =θ 11 , as long as θ 10 +θ 10 = (2k + 1)π for any integer k, this soliton will be nonsingular. (2) . If θ 11 =θ 11 , we first define three multivariate functions, these are c 0 ≡ 
(b). c 0 ∈ (0, 1), and ∆ 1 , ∆ 2 < 0.
Otherwise 
Propagation of this high-order soliton is displayed in Fig.1 . It is shown that two solitons are slowly moving in the spatial orientation. This is quite different from the dynamics of fundamental soliton in [19] , where the soliton can not move in space. The peak amplitude of |q(x, t)| reaches about 2.65834 at the location (0, 0.09375). Moreover, with the evolution of time, they keep almost identical value of maximum amplitudes, which is no larger than about 1.26047.
In a more general case, where η 1 = −η 1 , an important feather for this high-order soliton is the repeatedly collapsing along two trajectories. This can be clarified from the large-time estimation (33) . Actually, when |t| becomes very large, a direct calculation shows that lim |t|→∞ Arg [F(x, t)] = π. Thus, one can repeatedly choose large time point t c s.t. cos(2γt c ∓ τ 0 + (θ 10 +θ 10 )) = −1. This implies the existence of singularities for the solution at large time.
Moreover, due to the impact of algebraic polynomial terms, the collapsing interval for this high-order soliton is no more a fixed value. Instead, this so-called "period " is slightly varying over time. Besides, amplitudes of solution |q| are unequal when soliton moves on each path, depending on the sign of η 1 +η 1 . To illustrate, we choose parameters as η 1 = 0.50,η 1 = −0.55, θ 10 =θ 10 = 0, θ 11 =θ 11 = 0.
Graphs of corresponding second-order fundamental-soliton are shown in Fig.2 Generally, the N -th order fundamental-soliton solution can be obtained in the same way by choosing n 1 = n 1 = N in formula (16) , and the dynamics of N -wave motion on N different asymptote trajectories can be expected.
High-order multi-solitons
Now, we consider the high-order multi-solitons for the PT -symmetric NLS equation. From the symmetries of scattering data, the eigenvalues in the upper and lower halves of the complex plane are completely independent. This allows for novel eigenvalue configurations, which gives rise to new types of high-order solitons with intersting dynamical patterns. These results can be divided into the following two cases in principle:
The normal pattern: Square-matrix blocks.
For the most normal pattern, each block M (16) is an square matrix. In this case, one has to take the same index s = r = m with n k =n k = n (k = 1, 2, .., m) and N = n × m in (16) . This yields the normal N -th order m-solitons.
For example, we consider the second-order two-soliton. Especially, choosing a pair of non-purely-imaginary eigenvalues: ζ 1 , ζ 2 ∈ {C + \ iR + } with ζ 2 = −ζ * 1 , which belongs to the second type two-solitons for eq.(1) discussed in [19] . Thus, from above results (23)- (24), their perturbed eigenvalues and eigenvectors are related as
where b 10 , b 11 are complex constants. Similarly, for a pair of non-purely-imaginary eigenvaluesζ 1 ,ζ 2 ∈ {C − \iR − }, withζ 2 = −ζ * 1 , their perturbed eigenvalues and eigenfunctions are related as
whereb 10 ,b 11 are complex constants. Substituting these data into (16) with N = 4, n 1 = n 2 = 2 andn 1 = n 2 = 2. Then it is found the corresponding aolution can be nonsingular or repeatedly collapse in pairs at spatial locations. In addition, they can move in four opposite directions and exhibit more complex wave-front structures. To demonstrate their dynamics, we choose two sets of parameters: 
Parameter (38)- (39) generates a nonsingular solution which is plotted in the left panel of Fig.3 , while the right panel in Fig.3 exhibits the blowing-up solution derived from parameter set (40)- (41). Especially, if the real parts of eigenvalues ζ k andζ k are not equal, the amplitudes of moving waves decreases or increases exponentially with time.
The hybrid pattern: Combination of different block types.
Secondly, we consider a more general case, where the blocks (sub-matrices) are not required to be square matrices. Instead, different types of blocks can be combined together through formula (16) . Specifically, defining two index sets I 1 and I 2 for the block matrix: I 1 = {n 1 , ..., n r }, I 2 = {n 1 , ...,n s }. From above discussion we know that I 1 and I 2 are mutually independent. By virtue of this fact, novel patterns of solitons can be achieved by taking different index values. These interesting hybrid patterns have not been reported before and can describe the interactions between several one-or multi-solitons with unequal orders. Taking N = 2 in formula (16), then index sets have three kinds of combinations(Regardless of other equivalent cases): (a). I 1 = I 2 = {1, 1}; (b). I 1 = I 2 = {2}; (c). I 1 = {1, 1}, I 2 = {2}. The first two combinations are the normal case, which corresponding to the two-soliton and second-order fundamental-soliton. For the last one, two simple zeros which are symmetric about the imaginary axis locates in C + and one zero (multiplicity two) locates in C − . This interesting configuration of eigenvalues corresponds to a special "two-soliton" solution. Such an example is shown in Fig.4 with parameters:
This soliton describes two waves traveling in opposite directions as they repeatedly collapsing over time. Remarkably, their motion trajectory is no longer straight line but on certain curves, which is different from the normal two-soliton. In addition, the amplitudes |q| of two travelling waves are growing or decreasing exponentially with time, just along the directions of motion. (Here, the collapsing points are shown by the white bright spots, when they are amplifying or shrinking along the line, it means the solutions' amplitudes are increasing or decreasing correspondingly.) Next, when N = 3, the corresponding block sets have six combinations: (a). I 1 = I 2 = {1, 1, 1}; (b). I 1 = {1, 1, 1}, I 2 = {1, 2}; (c). I 1 = {1, 1, 1}, I 2 = {3}; (d). I 1 = {1, 2}, I 2 = {1, 2}; (e). I 1 = {1, 2}, I 2 = {3}; (f). I 1 = I 2 = {3}. These sets can feature the interactions of several types of one-or multi-solitons with certain orders, except for the normal case (a) and (f).
Specifically, if we consider combination (b), there will be three simple pole in the upper half plane and one double-pole with one simple pole in the lower half plane. This eigenvalue configuration can also bring new hybrid patterns, which feathers nonlinear superposition between a special "two-soliton" and a fundamental one-soliton. Using parameter values
The associated solution is plotted in Fig.5 . This soliton feathers two waves travelling in two opposite curves, plus another stationary wave (fundamental soliton) at x = 0, while they both collapse repeatedly along the directions. Moreover, the amplitudes of the moving waves are changing with time as well. Consider combination (d) as another example. In this case, there is one simple pole and one double-pole in the upper half plane as well as the lower half plane. This eigenvalue configuration could create a new type of hybrid soliton which differs from other patterns. To illustrate its dynamics, we choose parameters
Corresponding graph for this solution is presented in Fig.5 , which feathers the nonlinear interaction between the second-order one-soliton and a fundamental soliton. This soliton does not collapse and the interesting periodic phenomenon can be seen. For the rest of the combinations, we can still utilize formula (16) to generate other hybrid patterns of solitons.
Therefore, as we could see, the hybrid pattern solitons exhibit several new types of dynamics which have not been observed before. Similarly, the higher order multi-hybrid solitons can be also investigated in this way and the additional novel phenomenon can be expected.
Dynamics of high-order solitons in the reverse-time NLS equation
To derive N -th order solitons for the reverse-time NLS equation (2), we need to impose corresponding symmetry relations of "perturbed" discrete scattering data in the general soliton formula (16) . Normally, for a pair of discrete eigenvalues (ζ k ,ζ k ), where ζ k ∈ C + andζ k = −ζ k ∈ C − . From conclusion (27) in section 3, we get the corresponding "perturbed" eigenvectors
Hence, the N -th order m-solitons have m(N +1) free complex constants,
The second-order fundamental-soliton is obtained when we set N = 2, m = 1 with n 1 =n 1 = 2 in (16), and the analytical expression is:
where f 0 (x, t) = 4(f 1 (x, t) + i)(f 1 (x, t) + i), and
Although the fundamental-soliton in eq.(2) are found to be stationary [19] . For this second-order fundamentalsoliton, two solitons moving along the path
with almost the same velocity. As t → ±∞, the amplitudes |q| changes as
This soliton would also collapse at certain locations, but not repeatedly collapse with time. Under a suitable choice of parameters, this high-order soliton can be non-collapsing. The amplitudes of two moving waves grows or decays exponentially when ζ 1 ∈ {C + \ iR + }, and it would decay/grow when ζ 1 is in the first/second quadrant of the complex plane. As concrete examples, graphs of these solitons are illustrated in Fig.6 with two sets of parameters. Normally, the N -th order fundamental-soliton could exhibit analogical features with the second-order fundamentalsoliton. There will be N different asymptote trajectories with N waves moving along them in the nearly same velocities. For instance, a decaying third-order one-soliton is displayed in Fig.7 . Moreover, the high-order multisolitons could exhibit quite different dynamics. For example, the second-order two-solitons move in four opposite directions when ζ 1 , ζ 2 are not both purely imaginary, and the repeated collapsing and "four-way" motion can be observed. Such an high-order two-solitons solution is shown in Fig.7 , which can not be seen as a simple nonlinear superposition between two second-order fundamental-soliton. 6 Dynamics of high-order solitons in the reverse-space-time NLS equation
To derive the N -th order solitons in the reverse-space-time NLS equation (3), we impose symmetry relations of discrete scattering data (28) in the general soliton formula (16) . In this case, the normal N -th order m-solitons have 2m free complex constants, {ζ k ,ζ k , 1 ≤ k ≤ m}, where ζ k ∈ C + , andζ k ∈ C − . For the second-order fundamental soliton, we choose m = 1 with N = n 1 =n 1 = 2. So the analytic expression for this solution is
where f 0 (x, t) = 4(f 1 + i)(f 1 + i) + 2, and
It is found that the above high-order fundamental-soliton (51) has two gradually paralleled center trajectories, which approximatively locate at following two curves:
Moreover, regardless of the effect brought by the logarithmic part as t → ±∞, two solitons moving separately along Σ ± each curve in a nearly same velocity, which is approximate to:
and the solution's amplitudes |q| would approximately changes as:
As can be seen from this estimation, the amplitude of soliton is growing or decaying exponentially along Σ ± at the rate of e βt±δ0 , which depends mainly on the value of β (except for Re(ζ 1 ) = Re(ζ 1 ), where β = 0). These are also some difference in the amplitudes when q(x, t) moves on different trajectories, depending on the sign of δ 0 . Especially, if δ 0 = 0, both of them will keep the same amplitude. Another interesting feature for this high-order fundamental soliton is the repeatedly collapsing phenomenon. And the blowing-up interval T c for this solution admits a "perturbative" varying period, which can be roughly estimated as: T c = π/|γ| + ∆(t), where ∆(t) is a time-dependent small error term. Regardless of minor changes in the arguments τ 0 (t), the approximately value of ∆(t) is attained as ∆(t) ≈ [τ 0 (t c + π/|γ|) − τ 0 (t c )] /2γ, where t c is the time coordinate for an initial singularity. Examples are given for two sets of parameters:
Graphs of the two fundamental solitons are displayed respectively in Fig.8 . Apparently, both of these two solitons collapse repeatedly with time. In the former solution, the soliton moves at velocity about V c ≈ −1.168 (to the left). The amplitude |q| exponentially increases along the curve Σ ± at the rate of e βt with β ≈ 0.0576. In the latter solution, the soliton moves at velocity V c ≈ 1.36 (to the right), while |q| decreases exponentially along Σ ± at the rate of e βt with β ≈ −0.072.
For the the high-order multi-solitons, because the eigenvalues ζ k ∈ C + andζ k ∈ C − are totally independent, eigenvalues can be also arranged in several different configurations, which give rise to new types of solitons for the reverse-space-time NLS equation (3) . For instance, with symmetry (28) on the eigenvectors, if we take N = 2 with I 1 = {1, 1} and I 2 = {2} in formula (16) , certain choice of parameters can produce a high-order "two-soliton". Choosing N = 4 with I 1 = I 2 = {2, 2}, we can derive a nonlinear superposition between two different secondorder one-soliton solutions(This solution can be also regarded as a second-order two-soliton). Graphs of these solitons are very similar to those displayed in Fig.3 and Fig.4 , so their novel dynamic behaviors can be expected.
Summary and discussion
In summary, we have derived general high-order solitons in the PT -symmetric, reverse-time, and reverse-spacetime nonlocal NLS equations (1)-(3) by using a Riemann-Hilbert treatment. We have shown that through the symmetry relations on the "perturbed" scattering data in each equation, the high-order solitons can be separately reduced from the Riemann-Hilbert solutions of the AKNS hierarchy. At the same time, novel solution behaviours in these nonlocal equations have been further discussed. We have found that the high-order fundamental-soliton is always moving on several trajectories in nearly equal velocities, while the high-order multi-solitons could have more complicated wave and trajectory structures. In all these nonlocal equations, a generic character in their highorder solitons is repeated collapsing. Moreover, new types of high-order hybrid-pattern solitons are discovered, which can describe a nonlinear superposition between several types of solitons. Our findings reveal the novel and rich structures for high-order solitons in the nonlocal NLS equations (1)-(3), and they could intrigue further investigations on solitons in the other nonlocal integrable equations.
In addition, it should be noted that by utilizing new symmetry properties of scattering data in these nonlocal equations, some open questions left over in previous Riemann-Hilbert derivations of solitons have been resolved in [19] . That is, when the numbers of eigenvalues (or, known as zeros of the Riemann-Hilbert problem) in the upper and lower complex planes, counting multiplicity, are not equal to each other, it would produce solutions which are unbounded in space (thus never solitons). Therefore, in order to illustrate the validity for this conclusion in the case of multiple zeros, we consider the second-order fundamental-soliton in the PT -symmetric NLS equation by choosing a single pair of eigenvalues (ζ 1 ,ζ 1 ) ∈ iR + in expression (29) , then it produces a highorder "fundamental-soliton". Although it still satisfies eq.(1), this solution is not localized in space and grows exponentially in the positive x directions.
